ABSTRACT. We use the idea of expressing a nonoriented link as a sum of all oriented links corresponding to the link to present a short proof of the Lickorish-Millett-Turaev formula for the Kauffman polynomial at z = −a − a −1 . Our approach explains the observation made by Lickorish and Millett that the formula is the generating function for the linking number of a sublink of the given link with its complementary sublink.
A note on the Lickorish-Millett-Turaev formula for the Kauffman polynomial We have conjectured [7] and partially proved (in April 1986) that the Kauffman polynomial of a knot at z = −a − a −1 is equal to one. Lickorish and Millett solved the conjecture (in August 1986) and found the formula for the Kauffman polynomial at z = −a − a −1 for any link [5] (see also [6] ). The formula was also independently discovered, in a more general context, by Turaev [8] . We give here the "calculationfree" approach to the formula using the idea of presenting a nonoriented link as a sum of all corresponding oriented links.
To fix the notation we recall the standard definition of the Kauffman polynomial,
determined by the following properties:
(1) F T 1 = 1 where T 1 is the unknot with 0-framing.
is the framed link obtained from L by adding a full right-hand twist to the framing of L.
, and L ∞ denote four unoriented links which are the same, except in a small ball where they look as in Figure 1 on the next page, and the framing, in the formula, is assumed to be vertical to the plane of the projection.
The Kauffman polynomial of oriented links, F L (a, z), which is an invariant of ambient isotopy, is defined as the Kauffman polynomial of the corresponding unoriented 0-framed link (i.e., the framing is given by the Seifert surface of the oriented link). The Kauffman polynomial of an unoriented diagram D, which is an invariant of regular isotopy, is equal to the Kauffman polynomial of the link given by the diagram with the vertical framing.
We will derive the formula (of Lickorish, Millett, and Turaev) from the idea of presenting an unoriented link as a sum of oriented links corresponding to it (the formula is obtained without guessing it in advance). Further, let R = Z[a ±1 ] and RX denote the free R-module with basis X. We define Now consider the following very simple invariant of framed oriented links.
where com(L) is the number of components of L and f r(L) is the framing number of L; that is, the number of right-hand twists that must be removed from the framing of L to reach the O-framing.
We will analyze the composition gτ and first show that it is the Kauffman polynomial at z = −a − a −1 multiplied by −2. Then we will easily evaluate F (a, −a − a −1 ) using its relation to gτ .
, where L is any unoriented framed link.
Proof: We must consider two cases: As a corollary we have the Lickorish-Millett-Turaev formula. Proof: We combine Lemmas 3 and 4.
The idea used in the note was applied for the first time in [1] and ascribed to Dennis Johnson (see also [9, 2] ). There are other applications of the idea in the theory of skein modules [3] , which we hope to describe in the future. 
